The ordinary Hall effect (OHE) is the emergence of a transverse electrical potential difference due to the Lorentz force when an external magnetic field (H) is applied perpendicular to the direction of charge flow.
The transverse electrical potential difference divided by the longitudinal current is called the Hall resistance (Rxy). Normally, the Rxy grows linearly with the applied magnetic field and the slope is determined by the two-dimensional (2D) sheet carrier density (n2D). In magnetic materials, however, the internal magnetism affects the charge motion and the Hall signal can significantly deviate from OHE, sometimes resulting in a hysteretic behavior as a function of H; this is called "anomalous" Hall effect (AHE) 1 . Although AHE is commonly observed in ferromagnetic conductors, AHE in magnetic topological insulators (TIs) is special in that it can lead to a quantum anomalous Hall effect (QAHE). Although QAHE was envisioned as early as 1988 2 , the first realistic material predicted to exhibit QAHE 3 was a magnetic TI, Cr-doped Bi2Se3 thin film [4] [5] [6] . However, QAHE has been observed only in Cr-and later V-doped (Bi,Sb)2Te3 thin films [7] [8] [9] [10] [11] [12] , and it has been challenging to introduce even ferromagnetism (FM) into Bi2Se3 thin films. The Hall effect measurement in Cr-doped Bi2Se3 thin films has exhibited only paramagnetic effect without any hysteretic loops 13 . Although V-doped Bi2Se3 films show hysteretic Hall traces 14 , they were orders of magnitude smaller than the quantum value. There have been efforts to reveal the exact origin behind the weakness/absence of FM and AHE in V-and Cr-doped Bi2Se3 thin films [14] [15] [16] , but a satisfactory consensus has not been achieved yet.
In order to better understand and specify the problems in the current study, we first compare the Hall traces of the QAHE with positive and negative anomalous Hall conductivity (AHC). Figure 1a shows the characteristic shape of all the observed QAHE so far, in both Cr-and V-doped (Bi,Sb)2Te3 thin films.
In addition to the perfect quantization and the hysteresis, which are the two required features of the QAHE, another common notable feature is that the sign of the AHC is positive, with the slope of the hysteresis loop being positive 7, 8 . Even when the hysteresis disappears above the Curie temperature, the zero-field slope still remains positive in all these cases. Moreover, the FM in V-doped Bi2Se3 exhibited also positive AHC 14 .
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Figure 1b, on the other hand, shows the shape for a fictitious QAHE with a negative AHC. Such a shape has never been observed in QAHE so far, which has been a mystery.
When a system is close to having a ferromagnetic phase transition, but is actually still on the paramagnetic side of the phase boundary, we may still expect a residual behavior in which the system shows a rapid but continuous change of the magnetization over some small region of |H|, with a saturating behavior for larger |H|. This behavior should also be reflected in the appearance of a nonlinear Hall conductivity of the kind shown in Fig. 1c and d . In this work, we continue to refer to such a behavior as an "anomalous
Hall conductivity" because of the strong nonlinearity, although we emphasize that the system does not display the AHE at zero field. thin films, the Cr-doped Bi2Se3 thin films are so far reported to exhibit only paramagnetism without a hysteresis loop as in Fig. 1d 13 . If it were to show QAHE, it should be of the negative type as depicted in Fig. 1b . This seemingly important feature has never been discussed before, not to mention that the origin behind this phenomenon remains unknown. This problem and its solution are the focus of the current study presented below.
We first discuss the results for uniformly Cr-doped Bi2Se3 thin films in Fig. 2 . All the films used in the current study are grown on 20 quintuple layers (QLs) of (Bi0.5In0.5)2Se3 (BIS in short) on 20 QLs of In2Se3 on Al2O3(0001) substrates: this buffer layer was previously shown to work as an excellent template
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for Bi2Se3 thin films [17] [18] [19] . The film structure is sketched in Fig. 2a . Figure 2b shows the Hall effect data for 5%, 7.5% and 10% of uniform Cr doping in 10 QL Bi2Se3 films. Two distinct effects of the uniform Cr doping in Bi2Se3 films can be seen in the data. First, it leads to an enhanced Rxy with higher slopes at small magnetic fields, resulting in non-linear Rxy(H) curves. This indicates that the Cr-doping has an amplification effect on the magnetic field being applied to the Bi2Se3 films, which is a signature of paramagnetism.
Second, it leads to a higher n-type carrier density as manifested in the reduced slope of the roomtemperature Rxy(H) data in the inset of Fig. 2b . The increased n-type carrier density with Cr doping is likely due to disorders, as can be seen in the degraded reflection high-energy electron diffraction (RHEED) images of heavily-Cr-doped Bi2Se3 films in Fig. 2e -h. It is well known that almost all defects in Bi2Se3 act as ntype dopants, thus increasing n2D of the inherent n-type carriers 20 .
We hypothesize that there are two factors that give rise to the lack of FM in Cr-doped Bi2Se3 thin 
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In order to overcome the second problem, the weakened topological nature of the Bi2Se3 films due to Cr-doping, we adopted the magnetic modulation doping scheme suggested by M. Mogi et al 9 who
succeeded in increasing the critical temperature for the QAHE through such a scheme. In a similar way, we have sandwiched an 8 QL (Cr-free) Bi2Se3 layer by two heavily (50%) Cr-doped QLs as shown in Fig. 3f .
The intent of the surface engineering with the magnetic modulation doping is to maintain the full topological character of the bulk Bi2Se3 film while relying on the outer two heavily-Cr-doped layers for the magnetism.
The heavily Cr-doped top and bottom layers are insulating based on resistance measurements on a 50 QL (Cr0.5Bi0.5)2Se3 film, which is non-measurably insulating even at room temperature. Consequently, we expect that the top and bottom layers provide the Cr-free Bi2Se3 layer with strong magnetism without contributing any conductance on their own. However, as shown in In Fig. 3c , we tried a higher Ca concentration to lower n2D further. However, the AHE signal vanished possibly due to too much disorder associated with the high Ca concentration 19 . Figure 3d Let's first look into the first question. According to the free-energy argument of the original theoretical study 3 , TI can exhibit a ferromagnetic order if
, where Jeff is the effective exchange coupling strength between local magnetic moments and band electrons, and χL and χe are magnetic susceptibilities of the local magnetic moments and the band electrons, respectively. In order to satisfy this condition, we need large Jeff, large χL and large χe. In the original theory, however, the authors focused mostly on χe, and showed that magnetic TIs could become ferromagnetic because strong spin-orbit coupling (SOC) would substantially enhance χe through a so-called van Vleck mechanism 21 . According to this picture, Bi2Te3 is more likely to become ferromagnetic than Bi2Se3 with the same level of magnetic doping because Te should provide stronger SOC than Se does, and this is consistent with the experimental observation 13 .
However, the fact that Cr-doped Bi2Se3 is not ferromagnetic, contrary to the prediction, implies that the original theory was quantitatively insufficient.
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Now the above argument comes to answer the second question. Before moving on to a theoretical investigation to address the third question above, we first note that the quantized AHC is determined by the quantized Berry phase of occupied bands below an insulating gap, according to
Here C is the Chern number: C = -1 leads to a positive AHC as in Page 13 of 21 
III. Details for the mass-gap analysis
In Fig. 4a and b, we find that our computed Dirac cone splittings Eg are well described by the formula Eg = min | Emag ± E0 | ,
where E0 = 19 μeV is the gap induced by the interaction between top and bottom surfaces of an 8 QL thick film, and Emag = χBi ΔBi + χSe ΔSe (2) with χBi = 0.420 and χSe = −0.034 being the mass-gap susceptibilities defined as the ratios of the induced mass gap to the applied Zeeman field. Two topological transitions then occur when Eg = 0, with the film as a whole exhibiting Chern numbers of C = −1, 0, and +1 for Emag > E0, |Emag| < E0, and Emag < −E0, respectively.
The mass-gap susceptibility of Se is, in principle, expressed as χSe = 1/3(χSe1 + 2χSe2), where Se1 and Se2 refer to the central and the two outer Se atoms, respectively. However, the mass-gap susceptibility of Se1 is negligible (|χSe1| < 0.2 |χSe2|), so the Zeeman splitting of Se1 is not included in the resulting average.
In Fig. 4a Fermi level is set to lie in the direct band gap so that the Chern number would be quantized.
